A mathematical model of a railway carriage running on curved tracks is constructed by deriving the equations of motion concerning the model in which single-point and two-point wheel-rail contact is considered. The presented railway carriage model comprises of front and rear simple conventional bogies with two leading and trailing wheelets attached to each bogie. The railway carriage is modeled by 31 degrees of freedom which govern vertical displacement, lateral displacement, roll angle and yaw angle dynamic response of wheelset whereas vertical displacement, lateral displacement, roll angle, pitch angle and yaw angle dynamic response of carbody and each of the two bogies. Linear stiffness and damping parameters of longitudinal, lateral and vertical primary and secondary suspensions are provided to the railway carriage model. Combination of linear Kalker's theory and nonlinear Heuristic model is adopted to calculate the creep forces in which introduced at wheel and rail contact patch area. Computer aided-simulation is constructed to solve the governing differential equations of the mathematical model using Runge-Kutta fourth order method. Principle of limit cycle and phase plane approach is applied to realize the stability and evaluate the concerning critical hunting velocity at which railway carriage starts to hunt. The numerical simulation model is used to study the influence of vertical secondary suspension spring stiffness on the ride passenger comfort of railway carbody running with speeds under and at critical hunting velocity. High magnitudes of vertical secondary spring stiffness suspension introduce undesirable roll and yaw dynamic response in which affect ride passenger comfort at critical hunting velocity. Low critical hunting velocity with railway carriage running on curved tracks can be represented.
Introduction
Study the dynamic behavior of railway carriage due to some external inputs such as rail irregularities, sudden disturbances, rail maneuvers, breaking or accelerating and other imperfections can be achieved by Dynamic response analysis. Problems arise due to these undesirable inputs when railway carriage begin to move in different directions as vertical, pitch, roll, lateral and yaw directions. These movements cause vibrations and damage in railway components with uncomfortable ride passenger. Lateral displacements occur due to imperfections and irregularities in the track which cause different undesirable motions like roll, yaw, and pitch. Lateral forces arise in the wheel-rail contact patch plane due to interactions between the wheel and the rail which force wheelsets to move laterally and may climb the rail. These introduced forces called creep forces in which depend upon different creep coefficients. The magnitudes of creep coefficients depend upon the wheel-rail geometry, normal load, and material properties. Many investigations used different magnitudes of creep coefficients and a combination of linear Kalker's theory (Kalker, J. J., 1979) and nonlinear Heuristic is used in the present study. The study of railway carriage dynamic behavior should take into account the responses of railway carriage to these displacements and movements and more degrees of freedom should be considered to verify the accuracy of the system model. Different railway carriage models with different degrees of freedom are investigated and presented by many papers concerning railway carriage dynamic response. Dynamic stability of railway vehicle wheelsets and bogies having profiled wheels was presented by Wickens (Wicknes, A.H., 1969) in which two degrees of freedom model was suggested govern lateral and yaw angle of each wheelset. Nonlinear mathematical model of dynamic simulation has been established with 7 degrees of freedom by Jawahar et al. (Jawahar, P. M., and Gupta, K. N., 1990) which govern lateral and yaw movements of wheelsets and lateral, yaw and roll movements for both conventional and unconventional bogies. Xu et al. (Xu, Y.L., Xia, H., Yan, Q.S., magnitudes of vertical secondary spring stiffness suspension are investigated using the constructed numerical simulation model. A comparison to study the sensitivity of railway carriage carbody to dynamic responses is also presented.
Mathematical Railway Carriage Model
The equations of motion of the considered railway carriage model are derived using Newton's second law. Inertial, suspension and creep forces are introduced and used to construct the whole differential equations of motion of the railway carriage model. Many researches derived the equations of motion using Newton's second law but with different degrees of freedom as mentioned in the above introduction such as in (Jawahar, P. M., and Gupta, K. N., 1990)(Sen-Yung Lee, and Yung-Chang Cheng, 2006) ( Mohan, A., 2003) . The railway carriage is a combination of components and wheelsets joining together by a set of different primary and secondary suspension elements, in which the full railway carriage configuration model system consists of carbody, two conventional bogies, and four wheelsets as shown in Figure 1 . A railway carriage model of 31 degrees of freedom is constructed in this research to study the dynamic responses at critical hunting velocity of railway carriage components moving on curved tracks. The differential equations of motion govern lateral displacement Table 1 . Dynamic behavior of railway carriage is caused by wheel-rail interactions in which creep forces are introduced at wheel-rail contact patch area. Non-conservative forces and elastic deformations at the contact patch introduce a phenomenon of creep and combination of linear Kalker's theory (Kalker, J. J., 1979) and nonlinear Heuristic is considered to calculate the introduced creep forces. Vibrations are transmitted through connected suspensions to other railway carriage components and the dynamical behavior of the system is governed by the equations of motion of each component of railway carriage.
Wheelsets Differential Equations of Motion
The railway carriage model is equipped with four conventional wheelsets in which consists of two wheels attached together by a solid axle. Wheelsets are used to steer and support the carriage. Wheelsets equations of motion are derived using Newton's laws with suspension, creep and normal forces in which some of these forces are calculated by Sen et al. (Myung-Kwan Song, Hyuk-Chun Noh, Chang-Koon Choi, 2003 
Bogies Differential Equations of Motion
Railway carriage model consists of two bogies in which each bogie has two conventional unconnected front and rear wheelsets and two vertical secondary suspension elements are used to connect bogies with carbody in additional to the set of primary suspension elements connected each bogie with the wheelsets. The bogies differential equations of motion govern vertical, pitch, roll, lateral, and yaw degrees of freedom are 
Carbody Differential Equations of Motion
Carbody is the heaviest component in railway carriage makes crush between wheel and track and elastic deformation is introduced at contact patch area to produce creep forces and moments. Carbody differential equations of motion govern bounce, pitch, roll, lateral, and yaw degrees of freedom are derived applying 
Numerical Simulation
Railway carriage running on curved tracks is modeled by the second order differential equations of motion (1-14). A simple and important technique used to transform the governing equations of motion into first order differential equations in suitable form known as state space equations. This technique is used to facilitate solving the equations with numerical integration methods. The transformed equations of motion are simulated with computer-aided simulation to be solved by Runge-Kutta fourth order numerical method. Table 2 represents the data used in numerical simulation from resources (Dukkipati, Rao V., and Narayana Swamy, S., 2001)( De Pater, A. D., 1980) also initial conditions are assumed for the dynamic motions of the system. Simulation is executed to represent the dynamic responses of railway carriage carbody subjected to different magnitudes of vertical secondary spring stiffness suspension under and at critical hunting velocity. Procedure is achieved by increasing the speeds to reach the critical velocity and principles of phase plane approach are utilized to represent the critical hunting velocity of the system.
Results
Simulation model is constructed to study and analyze railway ride comfort of car body under and at critical hunting velocity due to change in spring stiffness of vertical secondary suspension. Ride passenger comfort can be investigated through lateral, yaw, roll, pitch and vertical dynamic motions and displacements of railway carbody running on curved tracks with radius of curved track R and super elevation angle of curved track is se  .
Most of the computed responses of the present railway carriage model are compared with many previous studies to ensure that the railway carriage model is valid to use to study the dynamic responses of the system. Also the magnitudes in which obtained by the computer simulation are acceptable values compared with most of the magnitudes introduced by other previous studies such as in most of the researches in the reference. Figures 2-6 show the dynamic response of the railway carbody under critical hunting velocity with different magnitudes of vertical secondary spring stiffness and it can be figured out that the dynamic response returns to a steady state equilibrium point at different time of dynamic responses. Vertical and pitch dynamic response returns to stable equilibrium point within time less than lateral, yaw and roll dynamic response at all the different magnitudes of vertical secondary spring stiffness also these dynamic responses have less amplitudes than vertical and pitch displacements. Also limited high magnitude of vertical secondary spring stiffness (Ksz) gives small dynamic displacements and improve hunting phenomenon of the carbody but roll, vertical and pitch dynamic responses are more sensitive to change in vertical secondary spring stiffness than lateral and yaw dynamic responses. The magnitudes of railway carbody dynamic displacements obtained from the simulation model show that better ride comfort in railway carbody at speed under critical hunting velocity with appropriate high spring stiffness of vertical secondary suspension. Lateral, yaw and roll dynamic responses are more sensitive to critical hunting velocity than vertical and pitch dynamic response as shown in Figures 7-11 in which represent the dynamic behavior of railway carriage at critical hunting velocity. and it can be observed that lateral response is more sensitive to critical hunting velocity. In additional small change in magnitudes of lateral displacement arises due to high vertical spring stiffness. High magnitudes of vertical spring stiffness secondary suspension have distinct influence at yaw and roll dynamic response at critical hunting velocity and will increase the hunting instability of railway carbody as shown in Figures 8-9 . The railway carbody response to vertical and pitch displacements is shown in Figures 10-11 in which no effect of critical hunting velocity to these displacements and change in spring stiffness still the same to railway carbody with speed under critical hunting velocity.
Conclusion
The railway carriage simulated model constructed in the present study is able to explain the dynamic response of the system with different magnitudes of vertical secondary spring stiffness suspension. As mentioned in the results section that lateral, yaw and roll dynamic response of the railway carriage carbody is more sensitive to the hunting velocity than the vertical and pitch dynamic response of the carbody. That means more attention should be considered to improve ride comfort by making improvement with the parameters related to lateral, yaw and roll dynamic response such as suspension parameters. Figures indicate that roll, vertical and pitch dynamic response of the carbody are more sensitive to change in vertical secondary spring stiffness suspension than lateral and yaw dynamic response. That means the roll dynamic response of the carbody is the most dynamic response can be improved to satisfy the ride comfort of railway carriage carbody due to change in magnitudes of vertical secondary spring stiffness suspension. Also itis concluded that high magnitudes of spring stiffness vertical suspension applied to railway carriage gives good results in ride passenger comfort at speeds under critical hunting velocity but with speeds at critical hunting velocity it has distinct influence at yaw and roll dynamic displacement so the present simulation model can be used to choice the appropriate magnitude of the spring stiffness of vertical secondary suspension. The dynamic response of the railway carriage running on curved tracks stated low critical hunting velocity. 
